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Abstract

By means of functional integrals, a Hamiltonian of a system of a charged
particle coupled to a quantized radiation field is investigated, it is the so
called Pauli-Fierz model in nonrelativistic quantum electrodynamics.
Embedded eigenvalues of the Hamiltonian with a singular external potential
are studied and their multiplicities are estimated. The localization of a charge
density of eigenvectors is considered. A partial trace of the semigroup generated
by the Hamiltonian is defined and its classical limit, z — 0, is discussed.
Finally a nonrelativistic limit, c — 00, is considered.

PACS numbers: 12.20.—m, 02.30.—f, 03.70.+k, 11.10.—z

1. Introduction and main results

We investigate a system of a charged particle minimally coupled with a quantized radiation
field, which is the so called Pauli-Fierz model in nonrelativistic QED [23]. The quantized
radiation field is massless and an ultraviolet cutoff is imposed. The Pauli—Fierz model has
been an important model in, e.g., quantum optics, atomic physics, etc, see [29]. It is also well
known that the Pauli—Fierz model successfully describes an interaction between low energy
electrons and photons. In particular it gave an interpretation of the Lamb shift [31].

Let Fpg be the symmetric Fock space over L2(R?) @ L?(R?),

For = P LR & L*(R?))
n=0

where ®! denotes the n-fold symmetric tensor product with ®2(- -) = C. We denote the
two component annihilation and creation operator in Fpp by al(k, j)and a(k, j), j=1, 2,
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respectively, which satisfy the canonical commutation relations

la(k, j),a'(K', j)] = 8;y(k — k)
[a'(k, j),a'(K', j)] = la(k, j),ak, j)]1 =0 k k' e R

For each x € R?, a quantized radiation field is defined by

1 Vchej(k) ik A o\ i
A =— ————{a'(k, jye ™ p(—k) +a(k, j)e* p(k)} dk
pE(x) ﬁj;/ oo (¢ e DA watk, et p]

where p describes a charge density of a particle, and g its Fourier transform. Here, w(k) = |k|
the dispersion relation, ¢ the velocity of the light, 7 the Planck constant divided by 27 and
éj(k) = (e} k), e? k), e; (k)) polarization vectors forming the right-hand dreibein in R, i.e.

¢;(k) - ¢ (k) =5 ¢;i(k) k=0 e1(k) x ex(k) = k/|k|.

The free Hamiltonian is defined by

Hy= )" /a)(k)af(k, jak, j)dk.

j=12

Under these preparations the Pauli-Fierz Hamiltonian Hpr is defined as an operator acting on
the Hilbert space

Hpr = L*(RY) ® Fr
by

2
Hpp := %(p@ 1— EAPF(x)) thel @ Hy+V @ 1

where p = —ihV, denotes the momentum operator canonically conjugate to the position
operator x, V an external potential, e the charge of a particle (a coupling constant).

Here we review a short history of Hpr from a mathematical point of view. The dipole
approximation of Hpp, say Hgllcp, is defined by Hpp with App(x) replaced by Apg(0), i.e.

. e 2
Hlfll;pzz%(p@l—l@EApp(O)) +hel @ Hi+V @ 1. (1.1)

The dipole approximation corresponds to neglecting collisions between the particle and
photons.  Several papers have been devoted to the study of (1.1). In particular Arai
[1, 2] diagonalized (1.1) with some potentials and its spectral properties were investigated.

A lattice approximation can give more precise spectral information about Hgllcp. Take a
momentum lattice L. ¢ R¥ of width 1/a with the finite volume (2L)¢, and the number of lattice
pointsis N = (2aL + l)d. The Ith lattice is denoted by I';, / =1, ..., N. A momentum lattice
approximation of (1.1), say Hj"®, is defined by p, w, and e/* replaced by SN AU xr,
ZII\; L @) xr, and Z;V:I e? (l¢) xr,, respectively, where xr, denotes the characteristic function
of I'; and /. the point of the centre of I';. It is seen that

Hpp = L*(RY) ® L* (RY"DN)
and

d 2 2 N

Hjgee = 137 (pu - .q,) +> <p71 + %w(zc)qf) —(@d-1) Vol)+V®)
n=1 =1 =1 =1

(1.2)
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where = denotes unitary equivalence, {g;, p;}j., the canonical pairs of L? (R“~DN), v},

w=1,..., d,aresome vectors in R?~!. Moreover it was established that for z € C \ R
Lattice -1 dip -1
lim lim (Hp"*—z) = (HPF - z) (1.3)
L—o0a—0o0

in the operator norm. See [19, appendix] for details. Equation (1.2) has been exactly solved

by Ford, Lewis and O’Connell [10, 11]. Certain spectral properties of (1.2) can be transmltted

to those of (1.1). In fact the exact ground state energy and an effective mass of HPF with
= 0 has been calculated through (1.2) and (1.3).

The next question which we must consider is the full Pauli-Fierz Hamiltonian. It must
be noted that no dipole approximation makes the problem extremely serious. Over the past
few years, by using quite different ways from the dipole approximation case, a considerable
number of studies have been done in, e.g., [4-6, 13].

There are three kinds of problems studied in this paper.

(I) Embedded eigenvalues of Hpp with a singular external potential V, and their multiplicities.
(IT) Localization of a charge density of eigenvectors.

(IIT) Classical and nonrelativistic limits of Hpg.

The first consideration is (I): in the study of the spectrum of Hpp, particular attention is paid
to the questions of whether the ground state of Hpp exists or not, and of its multiplicity. The
decoupled Hamiltonian, Hy, is defined by Hpp with e replaced by zero:

Hy:=H,®1+1® H,
where H, is the particle Hamiltonian:
H, := %pz + V.
It is known that?
o (Hy) = [0, 00).
Thus in the case of o (Hp,) = {E; (O)}N o UI[Z, 00), it follows that
o (Hq) = [Eo(0), 00)
and
ap(Ha) = {E;(0)}}_.

Hence our analysis is reduced to a perturbation problem of embedded eigenvalues £;(0)’s in
the continuum. Bach-Frohlich—Sigel [4-6] proved the existence of a ground state of Hpp
and an instability of embedded eigenvalues, i.e. resonances, for weak couplings under some
suitable conditions. Griesemer—Lieb—Loss [13] proved the existence of a ground state of
Hpr for arbitrary couplings. Hiroshima [15] showed the uniqueness of the ground state for
some smooth external potentials for arbitrary couplings. It is noteworthy that resonances and
the uniqueness of the ground state are proved for some smooth external potential, e.g. it is
relatively bounded with respect to the Laplacian. In this paper, taking a singular external
potential, we construct Hpg such that

(I-i) Hpp has embedded eigenvalues { £ j}y: 1
(I-i) E; — E;(0) ase — 0.

2 We denote by o (T') (respectively o y(T), 0 gise(T'), 0ess(T )) the spectrum of T (respectively the point spectrum of T,
the discrete spectrum of 7, the essential spectrum of T').
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In particular (I-ii) gives an example such that an embedded eigenvalue of Hy does not move to
resonances after adding a perturbation. We prove that there exists a class of singular potentials
Psing and a positive constant e, (V') such that

Theorem 1.1. Let V € Pgn and |e| < e,(V). Then there exists embedded eigenvalues E;’s
in the continuum and lim,_,o E; = E;(0).

One of the examples of singular potentials is of the form

Vo(x):= +|x]?

v
lx —9Q2)3
Here € is an open set in R3, 9% its boundary and v > 0 a positive constant. V, divides R3
into its connected components with boundary d2. Then Hpp acts on vectors vanishing on 9€2.
This is a mathematical reason behind such a result that Hpr is reduced by L*(D;) ® F with
some connected components D;’s. This is proved through a functional integral technique. We
then show that Hpr[2(p,)+ has a unique ground state and its corresponding eigenvalue, the
ground state energy, is embedded in the continuum of Hpg.

The second consideration is (II): in quantum mechanics, an exponential decay of the charge
density of an eigenvector is standard folklore. In fact such an exponential decay was shown by
many authors, e.g. [26], on quantum mechanics grounds. Our interest is whether an exponential
decay is a stable property or not, when the particle interacts with quantized radiation fields.
Regarding Hpr as the set of Fpp-valued L? functions, L? (Rd; Fpp), W, becomes an Fpg-valued
L? function. The question now arises: does || W, (x) || 7 exponentially decay in x? It depends
on external potentials. We specify classes V (m),m =0, 1,2, ..., of external potentials.

Theorem 1.2. Let W, be an arbitrary eigenvector of Hpg. Suppose V.€ V(m). Then
19, (0) |7 < DM gex e R
with some constants D and §.

Although in [5] and [13] such an exponential decay is derived, it is in quite a different way
from ours. Morever our result is almost everywhere pointwise.

We have some comments on theorem 1.2. In [19] we proved that for sufficiently large |e|
a ground state of Hpgr appears even if H, has no ground states, e.g. H, has a sufficiently
shallow nonpositive external potential. Our next interest is to investigate an exponential decay
of the charge density of a ground state appearing in the enhanced binding. Unfortunately we
are unable to discuss this question, so that it must be left aside and is considered elsewhere.

The final consideration is (II): there are two reasons for investigating asymptotics of Hp;
it is important to see how Hpp contains a successful quantum mechanical theory as the limiting
case ¢ — oo and classical mechanical theory as i — 0; moreover, practically it is useful to
replace Hpr by simpler quantum or classical models together with some corrections.

We discuss a nonrelativistic limit of Hpp in the sense of semigroups.

Theorem 1.3. Let Pg be the projection onto a one-dimensional subspace spanned by the
vaccum of Fpgr. Then

s — lim e = e ' @ Pg.

c—>00

In the classical limit, since Hpr has a spectral continuum, we have to modify a usual definition
of trace of e/ For & e F, the bilinear form

B(f. g) = (f@W,e g @ W), f.g € L*(RY)
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defines a bounded operator B on L?(R?) such that® B(f, g) = (f, Bg).2ws). Then we can
define a partial trace of e '/ by

Try (e ') := Tr(B)

under some conditions. Let

Trg (e_’(pz/zw("))) = (27171)_3/ e~ (PH/24V () dp dx.
R3xR3

Then we show that
Theorem 1.4. Suppose eV € L'(R*) N L®(R?) and V is continuous. Then

: —tH —t(p?/2+V 2
Tim Tro (&) Tra (7772 ) = w3,

This paper is organized as follows: in section 2 taking a Schrodinger representation
instead of the Fock representation mentioned above, we define a Hamiltonian H on some L?
space, which is unitarily equivalent to Hpr, and give a brief review of a functional integral
representation of e "%, In section 3 we consider H with a singular external potential, and
study embedded eigenvalues. Section 4 is devoted to considering localization of a charge
density of eigenvectors. In section 5 we investigate both classical and nonrelativistic limits.
Theorems 1.1-1.4 shall be stated in theorems 3.6, 4.4, 5.2 and 5.10 respectively.

2. Quantum field models

2.1. Definition of Hamiltonians in a Schrddinger representation

We take a Schrodinger representation instead of the Fock representation to apply functional
integrals, i.e. we unitarily transform Hpp to H acting on the Hilbert space

H=L*RHQF

where F := L?>(Q, du), and (Q, i) denotes a probability space defined below. We assume
that the quantum particle moves in the d-dimensional space to see dimensional dependences.
Morever, since taking the Coulomb gauge is irrelevant to the main subject and is not of
major importance to our discussions, we do not stick to the Coulomb gauge and generalize
polarization vectors.

We begin with some definitions often used in this paper. Let F be the Fourier transform
on L2(RY) forv =d,d+1,and f := Ff for f € L*(R"). Moreover,for f = fi®---® f; €
@ L2(R") weset f := f1 ®--- @ fr. Define

W= a'L*R?) Wo := @”L*(R?)
with a fixed D. Let £ be a bounded linear operator
EW—> Wy 1€ S w, < BILfllw

with some 8 > 0. We suppose that £ is decomposable: £ = fﬂgi E (k) dk where £ (k) is a linear
operator £ : C¢ — CP such that £(k)k = 0. This is a general version of Coulomb gauge
conditions. Let

Q(fvg) = (gfagg)wo f,ge w.

3 (-, )i denotes the scalar product on Hilbert space . We denote by || - || the norm on K. Unless confusion arises
from the context we omit K in (-, -)x and || - [|x.
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Let L2 (RY) be the set of real-valued L’-functions on R”. Let ¢(f) be the mean zero

real
Gaussian random process [12] indexed by f € Wiy := @ ereal (R¥ ona probability measure

space (Q, u) with
/Q () @) = La(f. 9.

We extend ¢ (f) for f € W by

¢(f) =oMNf)+ip(3f). 2.1
Let

F:=L*0Q).
It is known that

Fin = J @10 LEG () - 0l €W, j=1,....n)

N=0
is dense in F, where :X: denotes the Wick product of X [24], L{- - -} the finite linear sum of
vectors in {- - -}, and EBSZOL{ ---} := C. We define the free Hamiltonian Hy in F by

n

HiQ:=0  Hi:p(fi) - o(f): =Y :p(f1)--dpU@)afy) - d(fo):

j=1
fi € D({w)a) j:f,...,n n>1
where D(T) denotes the domain of T and
(T := @'T.
The number operator is defined by
N2 :=0 Ne:p(f0) - p(fu): :==n:9(f1) - o(f):.
It is well known that
o(H) =10,00),  op(Hy) = (0}
and {0} is simple with
H;Q2 = 0.
The quantized radiation field A(x) := (A;(x), ..., Az(x)) is defined by
A (x) = Vhcg (- —x)) w=1,....d
where A, 1= 69;’:18,”)». Then the Hamiltonian Hj is given by

2
Hy = %(p @1-% A(x)) +hel @ Hy.
c
For notational brevity we abbreviate X ® 1 and 1 ® X by X unless confusion arises.
Proposition 2.1. Let A be real and i/ﬁ, wh € L2 RY). Then for arbitrary e € R, Hy is
self-adjoint on D(p*) N D(Hy) and bounded from below.
Proof. See [17]. O

Throughout this paper we assume

risreal and A/, wh € L*(RY).
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144 g Wo
(€s)y <) (€s)p
v 1Q& Y,

Figure 1. (§)p& = (1 ® £)(&s)a-

Letd =3,D =d — 1 =2 and £(k) = Epr(k) be of the form
el(k) (k) ek
eigk; eéik; eéEkD i
where ¢; (k) = (e} k), e?(k), e? (k)). Moreover let A be

p (k)
J@miwk)
Then it is proved in [14] that there exits a unitary operator U from H to Hpr such that

U(Hy+ V)U ™! = Hpp.

Epr(k) == ( ke R?

k) =

2.2. Functional integral representations

For the reader’s convenience and to state our results precisely, we give a functional
integral representation of semigroup e ", > 0, following widely [14]. We denote by
{(b(s)}s>0 = {bu(s)}s>01<u<a the d-dimensional Brownian motion on the Wiener space
(C([0, 00)), m). Set M :=R? x C([0, 00)), Xs:=b(s) + x and dX := dx ® dm. We define
the family of isometries &, s € R (figure 1)

%-s . LZ(Rd) — LZ(Rd+1)
by

o eisko w(k) /2 .
& f(k, ko) := N <w(k)2+|k0|2> f k) (k. ko) € R? x R.

It is easily checked that
£5 f=e Il f t,seR.
Let
Y= @/L>R™H ZL2R) QW Yo := ®PL*R™H Z L*(R) @ W,
and
q0(f.8) = (1 ®E)f, (1® Dy, figer.

Let ¢o(f) be the mean zero Gaussian random process indexed by f € @?L2 (R?*!) on a
probability measure space (Qy, (o) with

/ Bo()o(g) dio(go) = 2q0(f. 8)
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¢o(f) can be extended to f € Y in the same way as (2.1). Let
Fo = L*(Qo).
Then E; is defined by
EsQ:=Qo Es:@(f1) -+ P (fu): = :Po((Es)a f1) - - - Po((Es)a fu):
where ¢ = 1 in Fy, so that E;, s € R, is the family of isometries
s F—>Fo
with

8, = t,s € R.

Definition 2.2. Let S be a closed subset of R? such that its Lebesgue measure is zero. We say
that V.=V, — V_ € P(S) (where V, :== (V +|V|)/2 and V_:=(|V| — V)/2) if V is such
that

(1) Vi € L, .(RI\S);
(2) D(p*) N D(V,) is dense in L>*(R%);
(3) V_ is infinitesimally small with respect to p* in L*>*(RY) in the sense of form.
In particular we set P({) :=P,.
For V € P(S), we define
H:=Hy+V,~V_ (2.2)

where & denotes the quadratic form sum [20]. Let V € P(S). Then, in [14, theorem 4.9], it
is established that
2/ .
(F.e Gy = / dx e—(l/;ﬂ)fo” V(X,)ds (EoFo, e %K) EhC,Ghzt)]__U (2.3)
M
where
n’t

o EAC — X,) dby(s).

Ki=—&%_

Here fohzt co.dby(s), m=1,...,d, are L>(R%!)-valued stochastic integrals, F, := F(X,),
and G, := G (Xy). In [14], (2.3) is proved only in the case of S = (. In the same manner as
that of [27, theorem 6.2], it is also proved that (2.3) holds true in the case of S # ( but its
Lebesgue measure is zero.

3. Embedded eigenvalues

In this section we puts = ¢ = 1. Let A and B be self-adjoint operators in a Hilbert space K.
We write A < B if D(B) C D(A) and (f, Af) < (f, Bf) forall f € D(B).

3.1. Singular potentials

Let D;, j = 1,..., M, be open sets in R? such that (1) Uylej = R4, (2) ﬂylej = 0,
(3) the Lebesgue measure of 9 (U}, D;) is zero. Let
H;:=L*D;) ® F.

We fix D;’s throughout the present subsection.
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Definition 3.1. We say that V. =V, — V_ € Pyyg ifforall j =1,..., M,

(1) v e P(a(UL, D;));

(2) for Vi(Xs) ds = oo for an arbitrary Wiener path such that Xo € D; and X, € D; with
L #J;

(3) Hpj =p?/2+ V[ 12(p;) is essentially self-adjoint on C§°(D;), and there exist constants a
and b such that, on LZ(D]-),

P < aty, +b: G

(4) E;j(0):= info(Hpj) € odiSC(Hpj) (a normalized eigenvector for eigenvalue E;(0) is

denoted by ;).

Lemma 3.2. Suppose that V satisfies (1) and (2) of definition 3.1. Let P; be the projection of
L*(R?) onto L*(D;) and p;:= P; ® 1. Thene "™ p, = p,e™"", 1 > 0.

Proof. Let F:=¢ ® ¥ € C°(RY) @ F and G:=¢ ® ® € C°(RY) & F, where ® denotes
an algebraic tensor product. Let

M;:={X. € M|X; € D; forall 0 < s < t}.
By definition 3.1 (2) and the fact that

sup |(EoFo, e ™M E,G,)| < o0
XeM

it holds that (EOFO, e 90(0) E,G,) = 0 for each X € M such that Xq € D; and X; € D; with
i # j,e JoVX)ds Hence

M
(P 5,60 =Y [ EFE0dn [ HOSGEE ) O ax
i=1 Y Qo i

i

= [ mTE e [ e BRI X ax
Qo M;

J

= f oW E;® dug / e VISP Ko)g (X e " dX
Qo M;

= (P;F,e""G) = (F, P;e'"G).
Thus the lemma follows. O

By lemma 3.2, we see that

HP;cC P;H.

Thus
Hj:= Hly,

is self-adjoint in H; with D(H;) = 'H; N D(H) and
H = H,

under the identification
H= @)L H;.
Lemma 3.3. Let V € Pyng. Then there exists e(V') such that, for |e| < e(V), H; is essentially

self-adjoint on D;:=Cy°(D;) & {Fan N D(Hp)}, j = 1,..., M, and bounded below. In
particular H is essentially self-adjoint on @ﬁiﬂ?;"
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Proof. Note that Hy j:=Hpj + Hj is essentially self-adjoint on D; by (3) of definition 3.1. Let
H; = Hy; + H;, where

Hy = H{—2eA(x) p+A*(x)).
From (3.1) and fundamental inequalities
14wl < 1 (I/v/al [ B |+ 1)
1AL )W < Co(In/Voll* + ILP) | (Hr + W]
with some constants C; and C», it follows that, for ¥ € D;
I HiWV < eAllHa; V| +eB| V]|

with positive constants A and B. Let e(V) := 1/A. For |e| < e(V) we obtain that D; is a core
of H; in H; by the Kato—Rellich theorem and hence &7, D; is acore of H = @/ H;. [

Lemma 3.4. Let V € Piing. Then there exists 0 < eq(V) < e(V) such that, for |e| < eg(V),
a ground state, W ;(e), of H; exists and is unique up to multiple constants. Moreover, if ¥ is
the unique ground state of Hyj, then s — lim,_.o W;(e) = ¥;(0):=V; ® QinH;.

Proof. We show an outline of a proof. In the same manner as in [6, 15] we show that
Hj+mN;, m > 0, has a ground state \IJ;" with ||\If;”||Hj =1inH;. Let
Q)= En, ([E;(0), €)) ® Ex ({0})

where E7(-) denotes the spectral projection of 7 and € a positive constant such that
dimRanQ; < oo. Taking a subsequence, {m};2, (mx | 0ask— 00), we see that \IJ;"k weakly

converges to vector Y ; and that
(bj, 0;¥) > 1—Aj(e) (3.2)

where A (e) denotes a positive function such that A ;j(e) — 0 as e — 0. It follows from (3.2)
that ¥ j # 0 for sufficiently small |e|. Hence W;(e) := V7 j is a ground state of H; for such
small e’s. It is proved in [15] that

e~ TNi/2g—1H, gt Ni/2

is positivity improving in ;. Hence the ground state of H; is unique in ;. Since by (3.2),
taking € such that dim RanQ; = 1, we see that || W (e) — W;(0) > < 2A(e), the last assertion
follows. g

The following lemma is well known:

Lemma 3.5. Let V € Pgipe and |e| < e(V). Then oess(H) = [inf 0 (H), 00).

Proof. See [3, theorem 1.3]. O
Let E € 0p(T). Then we denote by my(E) the multiplicity of E.
Theorem 3.6. Let V € Py and |e| < eg(V). Set
E;:=info(H)) j=1 ..., M.
Then E; € 0p,(H) C 0ess(H) and
my(Ej) Z#{E|Ey=Ej,k=1,...,M}. (3.3)

Moreover lim,_,o E; = E;(0).
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Proof. Since H = @/, H;, we see that @], 5;;W; (e) is an eigenvector of H with eigenvalue
Ej. Then (3.3) follows. Itis easily seen that H; — Hyg; in the uniform resolvent sense in H; as
e — 0. Then lim,_,q E; = E;(0). Thus the theorem follows. O

Corollary 3.7. Let V € Pgjng and |e| < eg(V). Define
E:= mkinEk =info(H).
Let
k
H(ji,....jx):=H—E - (E; — E)xp,
I=1

where ji € {1,..., N}, ju # jm.n # m, and xp is the characteristic function of B C R?.
Then H(ji, ..., ji) has ground states with eigenvalue zero and

Mmyj,..j»0) = k.

In particular
M
H(l,...,M) = H—ZE]-XDj
j=1

has ground states and

muq,..m(0) =M.

Proof. By lemma 3.2, we see that H(ji, ..., jx) = @ylej(jl, ..+ Jk), where
. . H; —E JE Ui}
HiG, .o i) =17 s s .
iU Jr) {Hj_Ej Je it il

Hence \ifjl,l = 1,...,k, are ground states. Thus mp;,
ground state of H; is unique in H, it follows that m g

,,,,, j»(0) = k follows. Since each
() = M. 0

3.2. Examples

In this subsection we give an example of H having embedded eigenvalues and degenerate
eigenvectors. Let d = 3 and A(—k) = A(k). We define

Q= {x c R3|x1 >0,x>0,x3 > 0}
Q= {x c R3|x1 <0,x <0,x3 < 0}
Q3 =R\ QUQ,.

Set Q2 := U,-3=1Qi- Let

Vi(x) := + |x|2 +myq, +nxe,

v
lx — Q3
where v, m, and n are constants (see figures 2 and 3). Let

Hy(v) := p*/2+V, D(H,(v)) := CP(Q) Hv) = 1(p — eA(x))*+ Hy + V.

Lemma 3.8. Let Hpj (v) := Hy(v)[p,. Then, forallv > 0, Hpj ), j = 1,2, 3, areessentially
self-adjoint on C§°(2;).

Before proving lemma 3.8 we show a general lemma as follows:
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Discrete spectrum

E3(0) E5(0) E4(0)
Figure 2. The spectrum of Hp(v) for 1 < n < m.

Embedded eigenvalues

—

E;(0) E»(0) E,(0)

Figure 3. The spectrum of Hy(v) := Hp(v) + Hr for 1 < n < m.

Lemma 3.9. Let G be an open set in RY and V- > 0 on G. We assume that there exists a
uniform Lipschitz function o on every compact subset in G such that

(1) Z;izl(aia)z < €% almost everywhere on G;
(2) limy_ 36 o (x) = 0o, where if G is not bounded, oo is regarded as a point of 0G,
(3) there exists 5 > 0 such that (u, (p2 +Viu) > (1+96)(u, ez"u)for u e Cy°(G).

Then p* +V is essentially self-adjoint on Cyo(G).
Proof. See [21, 30].

Proof of Lemma 3.8. Fix j. It is enough to prove essential self-adjointness of Hpj (v) forn =
m=0. Let

v 2
Vi(x) = m + |x]|
and
V(x) = Ve(x) +|x]?
where
v/lx — 03 x — 02| <e€
Ve(x) := {v;|e3 / Iotherwisi:|

where € will be adjusted below. We shall prove essential self-adjointness of p*> + 2V
on C{°(£2;). It implies that pr+ 2V; is essentially self-adjoint on C{°(£2;), since
V; = Vc+ (abounded operator). It is sufficient to find a function corresponding to ¢ in
lemma 3.9. Let

o.:=log Vél/z.
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It is easily seen that o; is a uniform Lipschitz function on every compact subset in €2;.
Since (u, (p*> +2V)u) > (u,2Vu) = 2(u, e*u) forall u € C5°(2;) and lim,_, yq; 0 (x) =
00, (2) and (3) in lemma 3.9 are checked. (1) in lemma 3.9 is equivalent to
0 < 4V2 — Zle(ai Ve)?. By a direct calculation we see that, for x € R? such that
|x — 02| <€,

d 3 2
3 2 v 2 1 v 2
4V = @iV >4(m+|x| ) - §(|7+4|x| ) > 2V + V)

izl x—an|8
where
203 1 9
Vi(x) = - Vo(x) == x2Qlx|* = 1).
1(x) |x_m]_|8<|x_mj| 4v> 2(x0) = |x 2Q2Ix[* = 1)

Thus taking € sufficiently small, we have V; + V, > 0. Moreover, for x € R4 such that
|x — 32| > e, it is clear that

d
4V =N @v)r =4V} >0.
i=1
Thus p?> + 2V is essentially self-adjoint on C3°(£2;) and then Hpj(v) is also essentially
self-adjoint on C3°(€2;). ]

Lemma 3.10. Let v > 0. Then V,, € Pging. Moreover, the ground state of Hpj w),j=123,
is unique in LZ(Dj).

Proof. In this proof essential ingredients are from [9, 15]. It is enough to prove the lemma
for n = m = 0. It is clear that V, € L] (R‘\9Q). By lemma 3.8, Hpj is essentially

loc

self-adjoint on C3°(£2;), and for arbitrary Wiener path such that Xo € ©; and X, € @,
i # ], foz Viu(Xs)ds = oo. Since V, is positive, we have (f, pzf)Lz(DJ,) < (f, Hpjf)Lz(D‘,v)
for f € C3°(R;). Note that p?/2 + |x|* has a purely discrete spectrum and that p?/2 + [x|* <
Hy(v). Since Hp(v) = EB;:1 Hpj (v), from the min—max principle [26], it follows that Hpj (v)
has a purely discrete spectrum. Then V, € Pgjne. Finally since

eiTer/ze—prj(U)efiT[Nf/z

is positivity improving on L*(€2)), the ground state of Hpj (v) is unique in L*(€2)). Thus the
lemma follows. U
By lemma 3.2 we have H (v) = @1.321 H;(v), where H;(v) = H(W)[120))eF-

Lemma 3.11. Let v > 0. Let |e| be sufficiently small. Set E;:= info(H;(v)),j=1,2,3.
Then (1) Ey = Eyifn=m; (2) E5 < Ey < E| if n < m and n is sufficiently large; (3) E| <
E; < Esif m < n and n is sufficiently small (see figure 4 and 5).

Proof. Let E;(0):= info(Hpj v)), j = 1, 2, 3. Taking sufficiently large n, we see that
E3(0) < E»(0) < E(0). Then, from theorem 3.6, it follows that E3 < E, < E| for sufficiently
small |e|]. Thus (2) follows. Equation (3) is similarly proved. Let n = m. Define
S: L*(R* — L*(R%) by

Sf(x) == f(=x)
and T := FSF~!, where F is the Fourier transform. We define unitary operator

U:i=ST12009 ®T: LX) @ F — LX) @ F
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Embedded eigenvalues

Es Es Ey
Figure 4. The spectrum of H(v) for 1 < n < m.

Embedded eigenvalues

j— et
f___,.-«f/f /

By E, = E,

A degenerate eigenvalue

Figure 5. The spectrum of H(v) for 1 < n=m.

where T:¢(f1)---d(fu): =@ (Tf1)---¢(Tf,) and TQ2 := Q. Since A(—k) = A(k)
U A, (0)U=A,®x).
Moreover we see that
U'pU=—p, U '"Vil 20U = Val 12,
and
U 'HU = H;.
Hence
U Hi(WU = L(p +eAx))* + Vo + Hy:= Hy(v).
Since (f ® Q, W,) #0,

1
inf o (H(v) = — lim —log(f ® 2,¢”"™ f @ )
1
= — lim ;log / f(Xo) f(X)e Co®/ gy,
—00 M

Hence inf o (H,(v)) is invariant on e — —e, inf o (H,(v)) = inf o (H,(v)). Hence E, = E|.
O

Theorem 3.12. Let v > 0. Let |e| be sufficiently small and E:= minj_;>3 E;. Then
Oess(H(V)) =0 (H(V)) =[E,00)and E; € 0p,(H (v)),j=1,2,3. Moreover (1) mpy,)(E;) =
1,j=1,2,3,if n # m, and |n| and |m| are sufficiently large; (2) mpu)(E1 = E2) =2, ifn=
m and |n| is sufficiently large; (3) lim,_,o E; = E;(0), j = 1,2,3 (see figure 6).
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-— -— e

*—@ @ —0 A g

E5(0)E; E(0)E,E1(0) By

Figure 6. lim. _, o E; = E;(0).

Proof. It follows from lemmas 3.5, 3.10, and 3.11. O
We give two remarks.

(1) In case (2) in theorem 3.12 for n = m with n sufficiently small, H (v) has twofold ground
states.
(2) By afunctional integral representation, we have

v—0

3
s = lim (F,e™0G) = } / dX eI XPE (Eow (Xo), &, @(X,) # (F.eHOG).
j=17Mj

Hence we observe a Klauder phenomenon [8, 22]:
s — lim e "H®W £ otHO)
v—>0

This phenomenon carries an interesting consequence that once turned on an effect of a singular
potential cannot be completely turned off.

4. Localization of charge densities

4.1. Localization I
In the present section we shall show an exponential decay of a charge density of eigenvectors

Wp of H. We set
J = Ele g,
Assume that
HY, = EV,.
Let A be the cube with the unit side centred about the origin in R?. We say that f € Lf (R?) if
£y ey = sup / £ (x + )l dy < co.
xeRdJA

Let us define Viyoung and Veyp by

Viound : V. = Vi — V_,such that Vo >0, V, € L] (R?) and V_ = ZJJ'=1 W; such that
SUp, | cpi-ss W,z pweiy < oo forsome ), j=1,...,J.
Vep : V. = Z + W, such that Z € L (RY), and W < 0, W e LP(R?) for some

loc
p > max{l,d/2}.
Definition 4.1. Suppose V =Z + W € Ve and V € Vyoung.

(1) We say V. € V(m), m > 1, if Z(x) > y|x|*" outside a compact set for some positive
constant y .
(2) We say V e V(0) if liminf|, oo W(x) > info (H).
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Lemma 4.2. Let V € Vyound. Then sup, cpa |Wp(x)] < 00.

Proof. Let E refer to the expectation value with respect to b. We have
Wy = eFe iy = PR (Jem VS, (x,)).
Hence

19,0l < B (75 VO (X)) = e (e 19, 0)) ().

Since by the assumption on V, (e™™[|W,()[|) € L®(RY) ([27, theorem 25.5, corollary
25.6]), we get the desired result. O

Lemma 4.3. Let V € Vyound N Vexp. Then, for all f € Cg° R andt > 0,
/ F@I%0IP dx < Ce'” / dx| f(0)[E (e VX0
Rd Rd

where C := supr]RJII\pr(x)||2 < 00.
Proof. We see that, by lemma 4.2,

/]Rd f(x)||\IJp(x)||2dx = (f\IJp, W)y = e'f (f‘lfp, e_'H‘IJp)
= elE/ dxf(x)e—f({ V(X,g)dx(qu(XO), 39, (X))
M
<e” /R dx|f(OIE (H%(x)u 1w, (X)) lle™h V(des)

<o sup [ W07 [ dxl fEoJE (V).
R(

xeR4

Thus the lemma follows. U

Theorem 4.4.

(1) Suppose V.€ V(m), m > 1. Then for each sufficiently small positive constant §, there
exists a positive constant D(8) such that

W ()| < D(8) exp(—8|x ™). 4.1
(2) Suppose V€ V(0). Then there exists a positive constant D and § such that
Wy (x)|| < De®.

Proof. By [7, lemma 3.1] we see that, for sufficiently small §, there exists D(8)" such that
E (ef I wxods) < D(s)e ™

for [x| > N with some sufficiently large N. Let D(8)" := sup,.y Ce'ED(8)’, where C is
defined in lemma 4.3. By lemma 4.3 we see that, for all f € C(‘)’o(]Rd) with f > 0,

/ fx) (II\IJp(x)||2 - D(a)”e—“‘xl”’”) dx < 0.
{lx|>N}

Thus (4.1) holds for |x| > N. By lemma 4.2 ||¥,(x)]| is bounded. Thus (1) follows. We
prove (2) in a similar way as (1) and [7, proposition 4.1]. Hence we omit it. 0



Embedded eigenvalues, localization and asymptotics of quantum field models 367

4.2. Localization 11

From (2.3), an extension of Kato’s comparing inequality follows:

Proposition 4.5. Let V € Py. We assume that §f € Q(p>+V), ¥ >0,and G € D(H). Then
IGO)lF € Q(p*+V) and

R((sgnG) (¥ @ 1), HG)yy = 5 ((p* +V)'2y, (p* + V) 2IGO)) 12
where

enG () {gm/nG(x)uf 161 %0

is a multiplication operator and Q(T) denotes the form domain of T.
Proof. See [14].

Theorem 4.6. Let d = 3. Suppose that hypothesis S, D(H) C D(p?), and

E < liminf V(x):=V, < o0.

|x|—o00

Then there exist constants A and Ay such that

”“ij(x)“ < Ae” Vo=Elx| Vo < o0
”“ij(x)“ < Aye” N=Elxl Vo =00

where N is an arbitrary number such that N > E.
Proof. We prove for the case of V) < oo. For the case of V) = oo, it is similarly proved. By
assumption there exists R such that
Vx)—E>0 x € Bg:={y € R*|ly| > R}.
Let v € C§°(Bg) with ¥y > 0. By proposition 4.5 we have
(=300 19, 01) = (0, (Vo — E)[%,() ) > 0. 2)

Let ¢ (x) :=ge vV"~E¥l where constant g will be adjusted below. A direct calculation shows
that

—1P7 () < (Vo — E)p(x). 43)
Since d = 3 and G € D(p?), G(x) is continuous in x and Wp ()| — Oas |x] — oo by the
Sobolev lemma. In particular, | W,(x)]| is continuous in x. Thus taking sufficiently large g,
we see that u(x) :=||V,(x)|| — ¢(x) < 0 for x € dBg. Fix such g. We see that, by (4.2)
and (4.3)

(_%pZW7 M) > 0
for € C3°(Bg) with » > 0. Hence u is subharmonic on By in the sense of distribution:
—p*u > 0 on Bg. Therefore u[p, takes its maximum value on d Bg U {o0}. Since u(x) — 0

as |x| — oo and u[yp, < 0, it holds that u(x) < 0 for x € Bg. Hence ||G(x)| < ge™ V"o~ £l
for x € Bg. Thus the theorem follows from the continuity of |G (-)]|. U

5. Asymptotics

In this section we consider asymptotic behaviour of e /. Especially we investigate classical
and nonrelativistic limits. Throughout this section we assume

VEP(].
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5.1. Nonrelativistic limits

In this subsection we consider the nonrelativistic limit of e ', Let Pg be the projection of F
onto {CR2}.

Lemma 5.1. Let ¥ = F @ ) and & = GRe?®  where F, G € C(C)’O(Rd) and f, g € Wieal.
Thenlimq_. oo (W, e "# @) = (W, (7' @ Pq)®).

Proof. We have

(Ve 0 = [ axe VYO SFRG Ky
M
where © :=qg (K — & f +&erg) :=1+11+11L, and 1:=¢qo(K), IL:=qo(&0 f — &ncrg), Ul :=
2Nq0 (I, &g — &0 f). Ttis well known that
2m
2m € (zm)' m—1 2m 2m

E (flo(lc) ) < (ﬁ) 2—’“[ (dp) “)\'“LZ(RA)
by [17, lemma 4.4]. We see that lim._, o EI%) = 0, hence lim,_ o E(le) = 0, while we
have lim,_, o IE(IIZ) =(q(g)+ q(f))z. Thus E®? — (g(g) + q(f))2 as ¢ — oo. Similarly
we have E© — ¢(g) +¢(f) as ¢ — oo. Hence

lim E [e=®/4 — ¢~9/4e00/4 > < 1im E|O — (q(g) +q(f))[/16 = 0.

c—>00 c—> 00

Thus

- 2 7!2/ VTN — — —
E e MR VOO SFTRGG (Xier) (¢ — e 101 104)| < | Floc] Gl

1/2
X (]Ee<2/h2>f$2’ V(x.»ds) (]E o0/ — e*q(f)/4e*q(g>/4|2)l/ "0

as ¢ — 00. Thus the lemma follows. [l
Theorem 5.2. We have s — lim,_, .o e 7 = e~ @ Pg.

Proof. It is sufficient to show that s — lim._, oo (F, e "7 G) = (F,e '™ ® PoG) for F,G ina
dense subset. Let

D:= {F:: f F@DelXini0Uidi € F|F € S(R"), fj € Weeal, j = 1,...,0,n € N}

where S(R") denotes the set of Schwartz test functions on R”. Then C§° (R%) ® D is dense in
‘H. Thus the theorem follows from lemma 5.1. ]

5.2. Classical limits

In this subsection we discuss a classical limit of a partial trace of e ¥, Let a(t) =
{o, (1) }1<u<a,0<e<1 be the d-dimensional Brownian bridge on a probability measure space
(B, @), i.e., the mean zero Gaussian random process with the covariance

Eo(@u(8)oy () = 8s(1—1)  0<s<r<1
where E,, refers to the expectation value with respect to (B, «). Let

G:={g € CuRY; L*(RY)) [g(x) € D(®), (wg)() € CYRY; LA R")) }
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where Cy (R?: K) denotes the set of K-valued n-times differentiable continuous functions to
be bounded up to n-times derivative. Let Ay := (k — 1)7/2". We set
2'!
B(g):= Z&Akg(a(Ak)){au(Aku) — o (A}
k=1
on

= S+ ) _Eng(@(A)au (A (/2 (1 — Ay~

k=1
where
”
SI@)=) Eng@(A)yu (1/2", Ak)
k=1
with

Yu(t, At) i=a, (t + At) — a, () + At(1 — 1) o, (2).
Lemma 5.3. Let g € G. Then the strong limit of B} (g) exists asn — oo in L*>(B; L*(R%*")).
Proof. In the similar manner as that of [14, theorem 2.5], it is shown that S}’ (g) strongly

convergesin L?>(B; L>(R4*")) asn — oo. While, since, for each path «, & g(a(s)) is strongly
continuous in s € R in L?(R%*!), we have, for each path «,

2" t
s — lim Z%smg(amk»aumw(l — AT = /0 o ()& ()1 =) ds
k=1

in L2(R%*"). Thus the proof is complete. O
We set Sk (g) :=s — lim,—o0 Sk (g) in L?(B; L>(R*")). We define

/0 £8((s)) day, (5) == 5L (g) + fo 0 (&g —5)ds  p=1,....d.

Lemma 5.4. We have

(F,e Gy = / dxdydae™ VO (BF(y), e ™08, G())  pyayx - )
R2 x B Fo
5.1

where p,(x) := e W@ /Qr1)d and
R e 1 1
Ki=—@&!_, <\/h2t/ Encrsh (- —y) daty, (5) + (x,, —yﬂ)/ éhm)\(-—y)dS>

Vhe 0 0
where y = y(x,y):=(1 — s)x + sy + Vh’ta(s).
Proof. See appendix. U

Fixt > 0. Let &, ¥ € F. For a bounded operator X on H, we define a bilinear form
By.o(f.g) on L*(R?) x L*(R?) by

Byo(f,8)=(f OV, X(g® P))y.

Since

|Bw,o(f, 1 < IWIIPNIANgNIXI
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there exists a bounded operator, Xy ¢, on L?(R) such that
By o(f, 8) = (f, Xv.08)2®re)-

Let B(KC) be the set of bounded operators on K. Define
Py.o : B(H) — B(L*(RY))

by
PyoX:=Xyo.

Definition 5.5. Let W, ® € F and X € B(H). Then we define Try o (X) by

Try o (X) :=Tr(Py o X) Try (X) :=Try v (X). 5.2)
From (5.1) it is immediately seen that P\p,q>e"H is an integral operator such that, for
fg € L*(RY),

(. (Puoe ™) ) g, = / TOKuale, Vg drdy (5.3)

R

where

Ky o(x,y):= / da efrfﬂl Viy)ds (EO\I/, it E;,C,QD) P2 (v — x).

B

Definition 5.6. Let W, ® € F. Then we define

1
Ky o= /{K\y,cb(x,x)d)c:
RL

VQah2t)d Jrixs

1 ~ .
dydae™h VP& (Byw, e 0@ g, @)

Ky =Ky v
where
pi=yx,x)=x+ \/an(s)
and
1
z::e—f @;ﬂ:lfo EA(-—y (x, X)) da,(s).
Let

Trd(e—z(,,Z/zw(x))) — (27rh)_d/ e_,(,,z/zw(x))dp dx.
de

Lemma 5.7. Let U, ® € F. We assume that V is continuous withe™"V € L'(R?) N L (RY).
Then limy . Ky, o /Tra (e 77/2V0) = (U, @) £.

Proof. Set F(x) := et o Vs (EgW, e710(2) Ehacb)fo and 0 := (W, ®). It suffices to show
that

lim 27h°1)Y?Ky. ¢ = lim / dxEy (F(@)) = / dxe Vg, (5.4)
h—0 h—0 Rd R4

Note that, for Y-valued functions fi, ..., f; on R4, it follows that [27, p 159]

(Ea

1
/0 Ju(e(s)) day(s)

o 172 . .
) < /0 (Eull fu((s)2)""? ds

Y

. /‘ (Eallot(s) fu(a(s)]3)"
0

ds. (5.5)
1—ys
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Note that
lgo(HIIF, < B2/
Thus we have
1
2172 Vht
(Ealon(@)" < aep 2 (14 [\ [ as).
Then it follows that
lim Ey (Io(2)13,) =
which implies that
lim (F, e " G) = (F, G). (5.6)
Let xr := X{aeB| llallw<r} AN XRe = X{aeB||a]o>R}- FOr K > 0and R > 0, we have
V dxE,(F () — / dxe"VWg| < / dx Eq (F () xge) (5.7)
Rd Rd Rd
+ dx Eq(F (@) xg) — / dxe VWO E,(xr) (5.8)
[x|<K |x|<K
v / dx Eo (F (e X) (5.9)
|x|>K
+ dxe VY E,(xge) + dx e VO 1w 1P]. (5.10)
|x|<K |x|>K
It is known [27, p 166] that
lim(5.7) < | dxe V™ (1 — Eq(xr))160]
h—0 Rd
and it is easily seen that
lim(5.9) < / dxe ™™ — E,(xzr) dxe V™1 9]
h—0 R4 |X\<K

While we see that, by (5.6) and the fact that E; is strongly continuous in s,

lim (5.8) = lim dx/ dar (7B VDS — VD) (50w, e ™D, )
|x|<K [lofloo<R

+ lim f dx / g eV (Bgw, (e — 1) Gy )
h=0J1x<k |a||x<R

+ lim dx/ dae ™ (oW, (Eier — B0)P)
=0 Jx1<k otlloo <R

< lim / dx / da‘e—ffo' Vs _ o=tV
h=0Jx <k lelloo<R

RSN

+]le™" |l lim dx/ da|(EoW, (e7"@ — 1) By @)
=0 J iy <k |2l <R

+lle™V ||o lim dx dae VW |(BgW, (Epes — Bo)P)| = 0.
=0 J |y <k etlloo <R
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Hence, for arbitrary € > 0, taking sufficiently large R and K, we have
%ir%{(5.7) +(5.8)+ (5.9 +(5.10)} < e.

Thus the lemma follows. O

t

We shall give a sufficient condition so that Py e~ H is of trace class.

Lemma 5.8. Let W, & € F. Let V be continuous with eV € L®(RY). Then Ky o(x,y)is

continuous in (x, y) € RY x R4,

Proof. Set K':=K(x', y'), First we shall prove that

s—  lim e &) p — s p FeF (5.11)

(", y)—=>(x.y)
in L*>(B; Fy). Set
Tp=Tu(x, y)i= @ 8,,A( —y(x, )
[ =T, y) 8=y — Xy 8=y, — X,
We have, by (5.5)

2/ 2 1/2 Vzht - ! 712 12
(Eallgo(K) = ¢o(K)113;) <ﬁ67;/0 (Eelme=Tul5) " as

i | (rEew o))"
+fe—— Z/ ds
Vhe =1 /0 1—=s

m

12
(BT =108 05) ¢ (5.12)

Since it is seen that

2
2 A s P S ’ .
”FIJ« _F;,L ” 2/ |)»(k)|2 e1(1 s)xk+isyk _el(l $)x'k+isy'k dk
w Rd

we have
lim |~ =0,

&)= (x, )

Thus each term in (5.12) goes to zero as (x, y') — (x, y). Hence we have
~ )

Eu ([0 (&) = 0| o) — 0
as (x',¥') = (x,y), which yields (5.11). Since
Kyo(x',y) — Ky o(x,y)

—E, {efrfo' VoI b (y — x) (EO\I!, (e—wnu@) _ e—i¢ou€>) Ehaq,)}
+E (B0, e 5, 0)
x (e BVONE g (o =) =R DS (v = )| (5.13)

the Lebesgue-dominated convergence theorem and (5.11) yield that the right-hand side of
(5.13) converges to zero as (x/, y') — (x, y). O
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Lemma5.9. Let W € F. Let V be continuous with eV € L®°[RY) N L'(RY). Then
Py ye 'H is a trace class and Try (e7') = Ky.

Proof. Ky y(x, y) is continuous by lemma 5.8 and positive definite, i.e.,

/ fOKgwx, ) f(dxdy=(f@¥, e f@W) >0 f e LA(RY).
de

By Jensen’s inequality, we have

Ky, ol

T o [ e ma(e
< dx [ da [ dse VD =Tr1(e 1p /ZW()‘))).
@l Qah’r)d Jre B Jo ¢

Hence we have

2
< Tra (7Y ) | < oo,

/ Ky y(x,x)dx
R

Then by [25, p 65] and [28, theorem 2.12], Try (e ™'") = [5s Ky v (x, x) dx = Ky. Thus the
lemma follows. ]

Theorem 5.10. We assume the same conditions as those of lemma 5.9. Then

lim Tro (@) /Tra (772 ) = w12,
Proof. It follows from lemmas 5.7 and 5.9. O
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Appendix

A proof of Lemma 5.4. Generally, for measurable functions f, &, and g, ..., g4 on R4,

2% B

d ‘
| neos Z/O 8 (X,) dby(5) dX:/R KO F(Qpix — v drdyda  (6.1)
M o
where

d 1 d 1
Q::ﬁZ/o gu(y)dau(s)+Z(x,L—yu)/0 gu(y)ds.
n=1 u=l1

We denote by (¢o, f) € R the value of ¢o(f) at ¢y € Qp. Since
o

/O%@SM(XS)) dby(s) = s — lim Z%(EAAM(XAA))(%(A/(H) — bu(Aw)
k=1
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in L2(M; F) = L*(Q; L*(M)), there exists Q C Qq with fQ duo = 1 such that, taking a
subsequence, {n'}, we have

2"’

(/0 o (s (X5)) dbu(S)) (o) =5 — n!gnw2(¢o, Encru (X)) (Bp(Aks1) — byu(A))
k=1
in L>(M) for ¢y € Q. Then

</0 ¢o(€skﬂ(Xs))dbu(S)) (¢0) =/0 (0, EsAu (X)) dby(s) (6.2)

for ¢o € Q in L>(M, dX). Note that the right-hand side of (6.2) is a stochastic integral of
real-valued function (¢o, &1, (X)), but the left-hand side is the value of Fy-valued stochastic
integral fol Po(&sh, (X)) db,(s) at ¢po € Qp. While, in the same manner as (6.2), it follows
that there exists Q C Qy such that fQ duo = 1 and that

1 1
</0 ¢o(f§sku()/))dau(S)> (o) =/0 (@0, Eshu(y)) dayu(s) (6.3)

for ¢po € Q in L*(B,da). Let F = f @ W and G = g ® ®. For each ¢y € Q N Q, by (6.1),
we see that

' d t
/Mf(XO)g(Xr)eXP <—/0 V(Xs)ds> exp —182/0 (B0, Eshp (Xy)) dby,(s)
n=1

1
=/ dxdypr(x—y)mg(y)/danp<—t/ V(V)ds>
R2d B 0

d 1 1
X exXp —ie Z <\/;‘/0\ <¢Os ss)‘,u(y)) dOlM(S) + (xp. - y,u) /0 <¢07 &M(V)) dS)
n=1
Hence from (2.3),(6.2) and (6.3), (5.1) follows. ]
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